We used a coupled multiphase lattice Boltzmann (LB) model to simulate the 9 dissolution of immiscible liquid droplets in another liquid during the rising process resulting 10 from buoyancy. It was found that there existed a terminal rise velocity for each droplet, and there 11 was a power law relationship between the Eötvös (Eo) number and the terminal Reynolds (Re) 12 number. Our simulation results were in agreement with the empirical correlation derived for 13 predicting bubble rise. When more than two identical droplets rose simultaneously in a close 14 proximity, the average terminal rise velocity was lower than that of a single droplet with the 15 same size, because of the mutual resistant interactions. The droplet trajectories at the noncentral 16 positions were not straight, because of the non-zero net horizontal forces acting on the droplets. 17
split the single droplet into as many small ones as possible, in order to increase the interface area 24 per unit mass and consequently enhance the whole dissolution process. For a small Da and a 25 large Pe, the process was dissolution-limited near the interface. The mass of accumulated solute 26 near the interface was little, so the advective flow at the top side of the droplet was able to clean 27 the solute quickly. In this case it was favorable to keep the droplet as a single one, in order to 28 obtain a high rise velocity and consequently enhance the whole dissolution process. By studying 29 the coupling between Da and Pe, we qualitatively proposed to construct a Da-Pe phase plane, 30
and found the interface dividing the plane into region 1 and 2. Region 1 was the collection of 31 points where it was favorable to break down the droplet into as many small ones as possible in 32 order to accelerate dissolution, while region 2 was the collection of points where it was favorable 33 to keep the droplet in a single one for the same purpose. Based on our LB simulations, we found 34 that the interface was an increasing function of Pe. Region 1 was the portion above the interface, 35 while region 2 was the portion below it. In real applications, if both Pe and Da are obtained, it 36 6 whose density is about 70% of water, and viscosity is 1/10~1/4 of water. The density difference 116 results in the buoyancy that drives the droplet to move upward in water. We assume the droplet 117 motion is not affected by dissolution and solute transport described in the following sections. the lattice spacing, and δt is the time step, which is the time that fluid particles take to propagate from 127 one lattice node to the adjacent one. In the LB system, δx and δt are used as the spatial and temporal 128 units, respectively, and both equal to one. τ k is the dimensionless relaxation time of the kth component. u is a common velocity, which can be calculated by 139
where s is the total number of fluid components.
is the total force acting on the 141 kth component, where F 1k is the fluid-fluid interaction, F 2k is the fluid-solid interaction, and F 3k is the 142 external force, which is gravity in our study. The fluid-fluid force between the kth component at 143 location x and the k th component at location x is assume to be proportional to the product of their 144 number density. Thus, the total fluid-fluid force on the kth component at location x is calculated as 145
146
is a Green function that represents the interaction between location x and x . It is 147
In this study, 148 The fluid-solid force is determined by 153 The external force in this study is the body force calculated as 160 The immiscible droplet dissolves in water at a relatively slow rate, and the transport of dissolved 171 mass is governed by the advection-diffusion equation. We use a single-phase density distribution 172 function g i to simulate this process: 173
where τ s is the dimensionless relaxation time related to the solute diffusivity by
is the equilibrium distribution function calculated by 176 We employ the first-order kinetic model to describe droplet dissolution at the interface: 186
where D is the molecular diffusivity of dissolved mass; C is the solute concentration at the 188 interface; C s is the saturation concentration, and k d is the dissolution coefficient. n is the direction 189 normal to the interface pointing toward the solution. 190
191
We used the boundary condition proposed by Kang et al., 19 which states that, at a stationary 192 interface, the nonequilibrium portion of the distribution function is proportional to the dot 193 product of the macroscopic velocity and concentration gradient. In this study, the boundary was 194 not static but moved upward due to the buoyancy. However, the density difference between the 195 two fluids was small so the interface motion was very slow, which can be considered to be quasi- 
. The value of g 12 and g 21 was found to generate a stable 222 phase separation between fluid 1 and 2. In this simulation, body force was set to zero. g 1w , g 2w , 223
and the initial droplet size were varied to generate different contact angles. After the steady state 224 was reached, the contact angle θ was obtained as described in Kang et al. 15 We found that θ is a Several dimensionless numbers were used to characterize the system. The Eo number, which is 239 the ratio of buoyancy to surface tension, is defined as
where g is the 240 gravitational acceleration; ρ 1 and ρ 2 are the density of fluid 1 and fluid 2, respectively; and d is 241 the droplet diameter. In this study, because the density difference between fluid 1 and 2 was 242 small, the Eo number was small, which implies that the surface tension dominated over the 243 buoyancy, leading to a circular shape of droplet. The Reynolds (Re) number, which is the ratio of 244 inertial force to viscous force, is defined as al. 6 In addition, after a few thousands of time steps the droplet reached a terminal rise velocity, 262 which resulted from the balance between the buoyancy and drag force. This is also in agreement 263 with existing work. There was a discrepancy between our simulations and the predicted curve, because the density 292 and viscosity ratios in our system were different from Rodrigue's assumptions in the liquid-gas 293 system. Note that the F value of our simulations spans the range between 10 0 and 10
approximately. By looking at Figure 3a , it can be seen that there is a noticeable scattered pattern 295 in data points as F is above 10 0 . The deviation of our simulations is within or close to the 296 scattered range. This implies that the terminal rise velocities of liquid droplet in this study can be 297 approximately described by Rodrigue's empirical correlation. 298 dissolution rate, we simulated the rise of droplets with mass transfer across the interface by 303 dissolution. We assumed that the dissolution rate was so low that it did not decrease the droplet 304 size apparently over the time scale considered here. Also, it was assumed that solute transport 305 and fluid flow did not affect each other. The first simulation was the rise of a droplet with a 306 diameter of 28.5 lattice units, which corresponded to a total mass (area) of 640 lattice nodes. ). By doing simulations for these three scenarios (one-, two-, 319 and three-droplet), we specifically aimed to investigate which scenario has the highest 320 dissolution rate (dissolved mass per unit time shown in Figure 4b . Similarly, the left droplet was pushed to the left wall, while the right droplet 342 was pushed to the right wall. The horizontal displacement of a rising droplet due to the non-zero 343 net horizontal force resulting from the noncentral position in a finite domain was also observed 344 by Takada et al. 18 On the middle droplet, the net horizontal force was zero because of its central 345 position. Therefore, the net force acting on the middle droplet was a counter force pointingwas lower than the left and right ones. This implies that the average rise velocity of multipleidentical droplets in a finite domain is lower than the rise velocity of a single droplet with the 349 same size, because of the mutual resistance. This is in agreement with the finding of 350 Sankaranarayanan et al. 27 
352
The solute concentration fields of the one-droplet, two-droplet, and three-droplet scenarios at 353 different times are presented in Figures 5, 6 , and 7, respectively. It was noticed that dissolved 354 mass accumulated on the bottom sides of droplets, because the flow velocity in these regions was 355 similar to the rise velocity. Thus, there was no advection relative to the droplets in these regions, 356
and solute transport was mainly diffusion-dominant. In contrast, the diffusion-dominant regions 357 on the top sides of droplets were extremely thin, because they were compressed by the relative 358 advection flowing toward the droplets. Thus, the dissolved mass on the top of droplets was 359 cleaned up quickly by advection, and little remained near the interface. In addition, it is clear that 360 in the two-and three-droplet scenarios, the left and right droplets moved away from each other 361 slightly. The trajectory of the middle droplet in the three-droplet scenario was straight and 362 vertical. These were consistent with the previous streamline analysis. 363 
364
The dissolved mass was plotted as a function of time for all the three scenarios, as shown in 365 Figure 8 . The dissolved mass was normalized by the total mass of droplets, and the time was 366 normalized by the characteristic time t c . Note that the saturation concentration of dissolved 367 scCO 2 in water is about 10 kg/m 3 , 1 and the density of pure scCO 2 is assumed to be 700 kg/m 3 in 368 this study. The curve for the single-droplet scenario was the shortest, because the biggest droplet 369 rose fastest, which caused the droplet to move through the interval ( 200 110 ≤ ≤ y ) with the least 370 time. In contrast, the three droplets took the longest time to move through this interval, because 371 the smallest droplets rose the slowest. However, the slope of curve for the three-droplet scenario 372 was higher than that of the single-droplet scenario, which means that the three-droplet scenario 373 had the highest dissolution rate. This implies that in this case it was favorable to split the scCO 2 374 droplet into many small droplets, in order to obtain the fastest dissolution. 375 376 From Equation 13, it can be seen that the flux of dissolved mass (dissolved mass moving through 377 a unit area per unit time) depends on k d and C-C s . With the specific value of k d used in this case 378 (10 -6 m/s), Da number was larger than or close to 1 for all scenarios, implying that dissolution 379 was fast relative to the diffusive transport. Thus the whole process was diffusion-limited. The 380 solute concentration at the interface C was close to the saturation concentration C s , resulting in a 381 small value of C-C s , which was similar for all the three scenarios. In addition, k d was the same. 382
Therefore, the flux of dissolved mass was similar for all the scenarios. The key factor 383 determining the total dissolution rate was the interface area per unit mass of droplet. The higher 384 the interface area per unit mass, the faster the overall dissolution. When a single droplet was 385 divided into two or three small droplets, its interface area per unit mass was increased 386 correspondingly, leading to a faster dissolution rate. 387
388
In reality, dissolution coefficient k d is affected by temperature, pressure, and other 389 physicochemical conditions. Assuming k d was increased to 10 -3 m/s for some reason, the same 390 simulations were repeated, and the dissolved mass-time curves were plotted similarly, as shown 391 in Figure 9 . It was found that the three-droplet scenario still had the fastest dissolution rate, whiledroplet scenario was slightly higher than 0.06, which was just a little above that of k by the competing processes between advection and diffusion. Pe number becomes important in 411 this region. In order to study the effects of Pe numbers, we varied its value by adjusting the 412 solute diffusivity, 28 while keeping the Da number constant by maintaining the ratio of dissolution 413 coefficient to solute diffusivity. In Figure 11 , the Eo number and Da number were exactly the 414 same as those shown in Figure 8 , while the Pe number was reduced to one tenth. Firstly, it was 415 found that the total dissolution rates for all scenarios were lower than their counterparts shown in 416 Figure 8 , due to the lower Pe number. This implies that in this case the advective transport 417 resulting from droplet rise was not strong enough to transport the dissolved mass into the bulk 418 solution quickly, which hindered the subsequent droplet dissolution, leading to a lower 419 dissolution rate. This observation of the effects of Pe is consistent with the study of mineral 420 dissolution in a porous medium by Kang et al. 20 Similarly, the dissolution rates in Figures 12 and  421 13 were lower than their counterparts shown in Figures 9 and 10 , respectively. Secondly, in 422
Figures 11-13, it was noticed that the three-droplet scenarios always had the fastest dissolution 423 rates, while the one-droplet scenarios always had the slowest ones. This means that the Pe shown in a dashed line in Figure 14 ) that is the collection of the critical points where it makes nodifference to divide one single droplet into multiple ones in terms of the effect of accelerating 440 dissolution. Theoretically, we can go through the whole Da-Pe phase plane point by point, and 441 judge each point whether it belongs to region 1 or 2. Then the interface dividing these two 442 regions can be obtained readily. Based on the data points presented in Figure 14 , we expect that 443 the interface is an increasing function of Pe. Region 1 is the portion above the interface, while 444 region 2 is the portion below it. This implies when Pe is small and Da is large, it is favorable to 445 break down the single droplet into many small ones to accelerate dissolution. In contrast, when 446
Pe is large and Da is small, it is favorable to keep the droplet as a single one. 447
448

IV. CONCLUSIONS 449 450
We used Shan and Chen's two-phase LB model to simulate the rise of two-dimensional 451 immiscible liquid droplets due to buoyancy. This LB method was able to handle an arbitrary 452 number of fluid components, and different density ratios can be used. By simulating the rise of 453 droplets with different sizes, we found a power law relationship between the Eo number and 454
terminal Re number. Our simulation results can be described by Rodrigue's empirical correlation, 455 which was originally derived for predicting gas bubble motion. Also, by simulating the 456 simultaneous rise of two and three identical droplets in a finite domain, we found that the 457 average rise velocity was lower than that of a single droplet with the same size, due to the mutual 458 resistant interactions. In addition, the trajectories of droplet except for the central one were not 459 straightly upward, but moved away from each other gradually, resulting from the non-zero net 460 horizontal forces acting on the droplets.
The two-phase LB model was combined with a solute transport model, as well as a boundary 463 condition handling dissolution at the liquid-liquid interface, in order to investigate the 464 complicated coupling between droplet size, flow field, solute transport, and dissolution at the 465 interface. For a given Pe, the case with a higher Da always had a faster dissolution rate 466 compared to the case with a lower Da. This implies that the physicochemical property of the 467 liquid-liquid interface is the fundamental factor affecting the whole dissolution process. For a 468
given Da, the case with a higher Pe always had a faster dissolution rate compared to the case 469 with a lower Pe. This was because with the higher Pe the advective transport relative to the 470 droplet was able to move the dissolved mass into the bulk solution quickly, which favored the 471 subsequent dissolution. 472
473
For a large Da and a small Pe, the process near the interface was diffusion-limited, and there was 474 a thick layer of dissolved mass covering around the droplet. The advective flow at the top side of 475 the droplet resulting from droplet rise was unable to clean up the solute near the interface quickly. 476
In order to accelerate the dissolution process, it was favorable to split one single droplet into two 477 or more small droplets, by increasing the interface area per unit mass of droplet. In contrast, for a 478 small Da and a large Pe, the process near the interface was dissolution-limited. The dissolved 479 mass accumulated near the interface was little, which was sensitive to the advective flow at the 480 top side of the droplet. The advective flow relative to a big droplet was able to quickly clean the 481 accumulated solute away from the interface, which enhanced the whole dissolution process. Thus, 482 in this case it was favorable to keep the droplet as a single one to accelerate the dissolution 483 
